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Dynamics and transitions of the coupled Lorenz system
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In this paper, we are interested in a very simple and fundamental question: Is the dynamics of a coupled
chaotic system always chaotic? It is found that in addition to the expected complicated chaos and hyperchaos,
two identical Lorenz systems starting at different initial conditions and coupling together via nonfeedback-type
interactions can also exhibit simple dynamics such as fixed points, limit cycles, and tori in wide parametric
ranges of coupling constants. Also, in the parametric space of coupling constants, four distinct routes of
dynamical transitions are found for this simple coupled system. Along the route of dynamical transitions,
intermittence, sideband instability, and nonlinear interactions of dynamical modes are all involved.
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[. INTRODUCTION to time that two complicated systems mixed together become
more complex. In addition to the hyperchaos, simple dynam-
Since the introduction of chaos several decades ago, tHes such as fixed points and limit cycles can also be obtained
dynamical behavior of coupled oscillators, as well as coupledy the feedback-type interactions between two chaotic sys-
chaotic system, has been studied extensively. It can be fouri@ms[11]. However, these results are not surprising either.
from the literature that several research directions pertinerfhs we mentioned earlier, feedback control could disable the
to the Coup|ed chaotic systems have been proposed_ Firghaotic nature of chaotic systems. Therefore, by suitably ad-
coupled chaotic systems are used for communication by sydusting the feedback gains, which are also the coupling con-
chronization of two chaotic circuitsl—4]. Basically, chaotic ~ Stants, one can easily obtain simple nonchaotic dynamics for
signals of a driving system serve as external forcings of théhe coupled chaotic systems. From the above results reported
driven system such that output signals of the driven systeri the literature, we can conclude that if the interactions be-
are synchronized with the driving signals. Although the driv-tween two chaotic systems are not of the feedback type, the
ing and driven signals are synchronized and are nearly thdynamics of coupled chaotic systems is chaotic or hypercha-
same, both systems remain chaotic, i.e., the dynamics of thRfic. Simpler dynamics is only possible if the coupling be-
coupled chaotic system is chaotic or hyperchaotic. Next, chaween two chaotic systems is feedback control. Here we are
otic coupling is also utilized to achieve contf@—7]. This  interested in a very simple and fundamental question: If two
control scheme is different from the pioneering Ott-Grebogi-chaotic systems are coupled together via the nonfeedback-
Yorke method since two or more chaotic systems are intype interactions, is it possible that the dynamics of this
volved. It is essentially a linear or nonlinear feedback controicoupled chaotic system becomes simpler, i.e., nonchaotic? In
approach. A slave chaotic system is forced by signals of &his paper two identical Lorenz systems starting at different
master chaotic system as well as its own signals, which ar#itial conditions coupled by nonfeedback-type interactions
the feedback terms. By adjusting the feedback control gaingre studied. We found that, depending on the combinations
the slave system is controlled such that its behavior is idenof coupling constants, nonchaotic dynamics could be ob-
tical to the master system. Our personal reasoning for thigined for this simple coupled system as well as the expected
approach is that the feedback control first destroys the ch&haos and hyperchaos. Moreover, four distinct transitions, on
otic dynamics of the slave system such that all the eigenvawhich complicated dynamics evolves to simpler dynamics,
ues of the linearized slave system have negative real partdre observed as coupling constants are varied.
The master system then easily takes control of the slave sys-
tem by chaotic forcinggcouplings. 50
Another direction to study the coupled chaotic systems
focuses on their dynamical behavior. Intuitively, for chaotic 40
systems coupled together, hyperchaotic attractors are natu
rally expected and are easily obtained for coupled chaotic
circuits[8], van der Pol equatiori9], and Duffing oscillators - 20
[10]. In Ref.[10] a scaling law to detect the transition from
chaos to hyperchaos has been proposed. It is not surprising 10
that the resulting dynamics of coupled chaotic systems is the
more complex hyperchaos because we experience from time =~ © jz———t oo oo o b

X

* Author to whom correspondence should be addressed. Electronic FIG. 1. Chaotic attractor of the Lorenz system described by
address: chmccc@ccunix.ccu.edu.tw. Eq. (1).
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FIG. 2. Dynamics of the coupled Lorenz system of E@$.in the parametric space of the coupling constdntandk,.

II. THE COUPLED LORENZ SYSTEM

Because we are interested in whether or not the dynamlc,[
of the coupled chaotic system can become nonchaotic, thse[
standard Lorenz systefi2] is selected as our modal system
since its dynamical behavior is well documen{d@®]. The
Lorenz system is described by the differential equations

X1= 0 (X2—Xy),
Xo=TIX1—X1X3— Xp,

5(3:X1X2_ bX3,

chaotic system will result in simpler dynamics, the simplest

. linear interaction will suffice. It is also noted that although
e two Lorenz systems in Eq&a) and(2b) are the same,
arting at distinct initial conditions yields different corre-
spondingx andy even though the large-time behaviors of
the two systems are in the same chaotic attractor. Therefore,
the coupling terms are not the feedback type. We can also
confirm that this coupled system does not contain feedback
interactions by checking the resulting dynamics. If there are

.Y

20

with parametric valuesd,r,b)=(10,5,28). The Lorenz sys-
tem given in Eq(1) behaves chaotically, as shown in Fig. 1.

Two identical Lorenz systems starting at different initial con-

ditions are coupled together and the coupling between two

Lorenz systems is a bidirectionally linear interaction. The

resulting coupled system reads
X1 =0(X2—Xq) +Kiy1,
Xo=TIX1—X1X3— X5,
X3=X1X,—bX3;
y1=0(Y,—y1) +koXq,

Y2=1Y1—Yi1¥3— Y2,

Y3=Y1Y2—bys,

(28

(2b)

¥4

wherek; andk, are coupling constants. The coupling terms
k,y, andk,x,; selected are of the simplest case and are not FIG. 3. Phase plots ofe) a hyperchaotic attractor whdn=3
mandatory. Of course, one can select other types of interaend k,=1 and(b) a fixed-point attractor whek;=9 andk,=7.
tions. However, for our purpose to see whether the coupledliote thatx, andy; are not synchronized.
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FIG. 4. Amplitudes of states,;, x3, andy, of the fixed-point

attractors in(@ x;—x; and(b) y;—x, phase spaces approximately can see whether or not the dynamical behavior of the

vary linearly with respect to the coupling constants. The correoypled system is nonchaotic. With the time series available,
sponding coupling strengths of poirgsb, ¢, d, ande are marked

on Fig. 2.

TABLE I. Four distinct routes of dynamical transitions. Routes
are marked on Fig. 2.

Route Dynamical variations

hyperchaos-fixed point-limit cycle—
torus—hyperchaos-torus < limit cycle«—
fixed point
hyperchaos-chaos-limit cycle«torus—limit cycle
—fixed point
Il hyperchaos-limit cycle—fixed point
hyperchaos-fixed point

feedback controls involved in Eq$2), then x;(t) =y(t)
and Eqgs.(2a and(2b) will become identical such thad(t)
=y(t). We will show later thatx(t) andy(t) are not the
same.

Several simple and standard dynamical tools are applied
to study the dynamics of the coupled Lorenz system de-
scribed by Eqs(2). First, the dynamical behaviors of this
coupled system are first obtained by solving E@$.using a
double-precision fourth-order Runge-Kutta method. By vary-
ing the magnitudes of the coupling constakisandk,, we

phase plots can reveal the topological structures of the result-
ing attractors. Next, the linear stability analysis is carried out
around the steady states of E@B). If the dynamics of the
coupled system is a simple fixed point, all the eigenvalues of
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FIG. 5. Typical dynamical behaviors in thg—x; phase space along four distinct routes marked on Fig)2(b), (c), and(d) are the
first, the second, the third, and the fourth route, respectively.
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2.05F ! ! o the number of peaks in the power spectrum. Moreover, if the

2.00F j ! L obtained dynamics is still chaotic, the number of positive

1esE | : o Lyapunov exponents can indicate that this attractor is chaotic
51 ook . © or hyperqha_oﬂc by F:omputlng the Lyapunov spectrum from
< TE e | ——— ! o 01 m the chaotic time series. One positive Lyapunov exponent cor-
g185F ! ! - responds to the chaotic attractor, while two or more positive

T oef | ,007009° 55 ° Lyapunov exponents indicate a hyperchaotic attractor.
1.75 z_ ¢ : o5 i
170B o Sl L e Ill. NONCHAOTIC AND CHAOTIC DYNAMICS
3.5 4.0 4.5 5.0 5.5 6.0
K, As stated in the preceding section, we adopt the simple

dynamical tools to study how the dynamical behavior of the
FIG. 6. Variations of the dominant frequency along the seconccoupled Lorenz system varies with the coupling constants.
route. We focus our attention on the search for the nonchaotic dy-
namics. The values of coupling constahts and k, both
the Jacobian matrix will have negative real parts. On theange from 0 to 10. In the intervaD, 10|, k; andk, vary
other hand, if the time series obtained from E@.is nota every 0.5 and 0.1 steps, respectively. Although resolution in
simple steady state but rather a periodic motion, the fasthe k;—k, parametric space is not very fine, it is good
Fourter fransform{FFT) can be applied to that time series to enough to determine whether or not this coupled Lorenz sys-
determine the complexity of the periodic orbit by countingtem could behave nonchaotically. Figure 2 shows that the
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ko
3.60 Ky
5.06
3.64
[ 5.08
3.66
: 5.10
5.20
3.70 | 530
| 1 | | 1 1 J ] 1 1 | | 1
o 1 2 3 4 5 6 7 0 1 2 3 4 5 6 7
frequency (Hz) frequency (Hz)
(c) (d)
Ky K
5.30
il 5.616
I.|L 5.34 )
b N 5.406 FIG. 7. Power spectra in the processes of ma-
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(2) point attractors occupy the most area in the parametric space
in Fig. 2. In addition to the above two extreme dynamics,
other dynamics such as limit cycles, tori, and chaos are also
available. The main focus here is not on that this coupled
system is capable of displaying abundant dynamical behav-
ior, but on the dynamical transitions when the coupling con-
stants are varied. As shown in Fig. 2 kif is kept constant,

(b) we can see that the dynamics is hyperchaotic for skl
and fixed points for larg&,’s. As k, increases from 0, the
dynamics of the coupled systems switches directly from the
hyperchaotic to the fixed-point attractor for large and small
k,. But, in the mediak,, there exists an intermediate dy-
namics between these two extremes of hyperchao and the
fixed point. It is noted that fixed-point dynamics is confirmed

(©) by the “flat” time series and by the Jacobian matrix having

all eigenvalues with negative real parts, while hyperchaos is

ensured by two positive Lyapunov exponents computed from
the time series.

In the parametric values df; and k, studied, we have
found four distinct routes of dynamical transitions and have
marked them on Fig. 2. Table | summarizes these four dif-
ferent routes. Note that since our partitionskefandk, are
not very fine, it will not be surprising to obtain more routes if
finer partitions on coupling constants are carried out. Never-
theless, under the current partition, it is amazing to see that

X|

X\

o0 this simple coupled system is capable of displaying rich dy-
e | namical transitions. Moreover, several routes cannot be
.20 b , , , , found in the literature. From the literatuf&4,15 the transi-
2000 2200 2400 ee00 2000 so00 tions to chaos could be triggered kg a local bifurcation,

t

which includes periodic doubling, quasiperiodicity, and in-
FIG. 8. Time series of the hyperchaos—fixed-point transition ont€rmittence, ox(b) a global bifurcation, which can be a cha-
the first route show the intermittency behaviay k,=0.8, (b) k,  OtiC transience or a crisis. In addition to the above well-
=1.6, (c) k,=2.304, andd) k,=2.3072. known routes, a different route via a torus breakddil is
] _ ~also reported. We will state why the observed transitions
dynamical behavior of the coupled Lorenz system describegiffer from those in the literature later. First, representative
by Egs.(2) is very rich in thek,-k, parametric space. It is gynamical behaviors along the four routes observed are
clearly seen that in addition to the expected chaos or hypeghown in Fig. 5, in which dynamical transitions are seen
chaos, simple dynamics such as fixed points, limit CycleSgieay Next, following the different routes, FFT analyses of
and tori aflre obselrvgd.hThls answers qur: quefsuo(;]b Trlle d%he resulting time series are carried out to obtain the power
hamics of a coupled chaotic system with nonfee ac.'typ%pectrum. For simplicity, we consider the variations of the
interactions can indeed become nonchaotic. Also, as is eVlominant frequency on the second route. The dominant fre-

dent in Fig. 2, the nonchaotic dynamics is not a rare excep- f I th d route is i in Fio. 6
tion; they are located in a large upper triangular region of thelUeNCY T max AI0NG the Second route IS given In F1g. ©. ks
itches from the chaotic to the limit-cycle region, the mag-

parametric space. On the other hand, chaos and hypercha®¥ \ ) _
appear at the lower triangle. Chaotic characteristics of th@itude off mayincreasest , remains roughly constant in the
individual Lorenz systems are sustained when couplind'm't'cyde region and then be_co_mes smaller in the first half
strengths are small. This suggests that only fairly large interof the torus window. Wherk; is in the second half of the
actions could suppress the chaos. Figure 3 shows hyperchaig$us window and in the limit-cycle regimé,, increases
for (kq,k,)=(3,1) and a simple fixed point fork(,k,)  monotonically.
=(7,9). The corresponding statesandy; in the respective In addition to the variations of the dominant frequency,
Lorenz systems are not synchronized and are not the sametine FFT analysis also reveals the underlying causes for the
both cases. This confirms that the couplings in E8s.are  transitions. As shown in Table I, the first route has the most
not feedback controls, although two identical Lorenz systemsariations of the dynamical behavior so that power spectra
are coupled together. For the fixed-point region in Fig. 2, aralong this route are analyzed in detail. Power spectra near the
increase of the coupling strengths can raise the magnitudesvitches of dynamics are shown in Fig. 7. We will discuss
of statesx andy. Figure 4 shows that the amplitudesxaf,  the first hyperchaos—fixed-point transition later because it is
X3 andy; become larger in the direction of increasikgor  dijfficult to gain any insight from the variations of the broad-
k. band power spectra. The next major dynamical change is
from the fixed point to the limit cycle. In the very beginning
of the limit cycle k,=3.6), a sole tiny peak appears at 1.94.
We have shown that nonchaotic dynamics does exist fotWhenk, increases, this peak starts to grow while the fre-
the coupled Lorenz system and that hyperchaotic and fixedjuency stays approximately at the same value as in ag. 7

IV. TRANSITIONS
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This means that the size of the limit cycle in the limit-cycle directly. Figure 8 displays the time series beftereaches
region becomes bigger and biggerkgsincreases. Next, the the fixed-point dynamics. If we view these four time series in
variations of the power spectra in the limit-cycle—torus win-the reverse order, i.e., from the direction of the fixed point to
dow is considered. As shown in Fig(bJ, whenk, moves hyperchaos, it behaves like the intermittent transition. Sum-
from 5.08 to 5.10, there are two sideband peaks, which exigharizing the above results, the dynamical variations along
in a pair, centered at the original dominant peak. The transithe first route include an intermittent transition, a sideband
tion from the limit cycle to the torus of this type correspondsinstability, nonlinear interactions of dynamical modes, and a
to the sideband instabilitjd7]. A further increase ok, to  reverse process of the above phenomena. This rich dynami-
5.12 results in a decrease of the main peak, an increase oél transition with only one parameter varied is completely
sideband peaks, and the creation of another two sidebardifferent from those routes to chaos reported in the literature.
peaks. This is due to the nonlinear interactions between the

main peak and the two sideband peaks. Also, because of the V. CONCLUSION

resonant conditions, the frequencies of two new sideband We h h that th i f two identical L
peaks are the linear combinations of the dominant peak and € have shown hat the coupling ot two 1dentical Lorenz

two old sideband peaks. Note that although it is not clearly:%f]tfee rgjbastzakl:ﬂnge i?]ie:jz;t:fﬁcr)?]n::alr?Itelilhit():i?r;adl\;ll?(;]es v\zglr?etthif
visible in Fig. 1b), there exists a superharmonic peak with yp Yy

. : . . _dynamical behaviors such as a fixed point, a limit cycle, tori,
approximately twice the dominant frequency for vanouschaos, and hyperchaos. We show that simple dynamics is

k,'s. However, this superharmonic mode remains inactive ; : .

such that the period-doubling scenario does not occur. If w Oss'ble for ?he coupled ChaOtI.C _system with nonfeedb_ack-

continue increasingk,, a wave pocket is formed ak ype interactions. Also, four distinct routes of dynamical
2 b 2 transitions are observed for this simple coupled chaotic sys-

:.5'34 in Fig. 7c) and it is later destabilized &,=5.405 to tem. FFT and time series analyses show that intermittence,
yield large low-frequency peaks such that a broadband fre-

) sideband instability, and nonlinear interactions are involved
guency structure starts to emerge. This broadband structurq : L ; ;
is fully developed with a giant low-frequency peak lat along the route of dynamical variations. Since this extremely

~ . ; : imple coupled chaotic system is capable of providing so
=5.49 and the dynamics of the coupled system Is switche any interesting dynamical behaviors, it is expected that
back to hyperchaos.

The second part of the transition from hvperchaos to sim°"e dynamical behaviors are possible if we are dealing with
ond p : yp ' ore complex coupled systems and with different types of
pler dynamics is basically a reverse process of the first par hteractions

Figures 7d) and He) are virtually equivalent to the reverse
of Figs. 4b) and 7c). From Fig. 2, because the following
limit-cycle—fixed-point transition occurs in a very narrow
range ofk,, the process of diminishing the amplitude from  This work is supported by the National Science Council
the limit cycle to the fixed point is difficult to observe. We of the Republic of China under Grant No. NSC-86-2214-E-
return now to the first hyperchaos—fixed-point transition.194-003. Thanks are also due to the computing center of
Power spectra along this transition cannot provide meaningNational Chung Cheng University for providing the IBM sp2
ful information, so we observe the variations of time seriesparallel computers.
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